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Abstract 

We study the Moller and Bhabha scattering in the noncommutative extension of the standard 
model(SM) using the Seiberg-Witten maps of this to first order of the noncommutative parameter 
(^nu- We look at the angular distribution da/dO, to explore the noncommutativity of space-time 
at around Ajyc ~ TeV and find that the distribution deviates significantly from the one obtained 
from the commutative version of the standard model. 
PACS: ll.lO.Nx. 
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I. INTRODUCTION 



Interest in the noncommutative field theory is old and it arose from the pioneering work by 
Snyder [l| and has been revived recently due to developments connected to string theories 
in which the noncommutativity of space-time is an important characteristic of D-brane 
dynamics at low energy limit {2, 3, 4, ^. Although Douglas et al. 3| in their pioneering work 
have shown that noncommutative field theory is a well-defined quantum field theory, the 
question that remains whether string theory prediction and the noncommutative effect can 
be seen at the energy scale attainable in present or near future experiments instead of the 
A-d Planck scale Mpi. A notable work by Witten et a/.j?] suggests that one can see some 
stringy effects by lowering down the threshold value of commutativity to TeV, a scale which 
is not so far from present or future collider scale. 

What is space-time noncommutavity? It means space and time no longer commute with 
each other. Now writing the space-time coordinates as operators (same as the position and 
momentum operator in quantum mechanics) we find 
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A 2 ^'^M'^ 



(1) 



where c^i, are antisymmetric constant parameters and Anc is the scale at which space-time is 
no longer commutative. To study an ordinary field theory in such a noncommutative space- 
time one replaces all ordinary products among the field variables with Moyal-Weyl(MW) 8| 
•k products defined by 
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(2) 



Using this we can get the NCQED Lagrangian as 
1 
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(3) 



which are invariant under the following transformations 



where U = {e'^)^. In the NCQED lagrangian (Eq|3]) D^,^ = d^^) - ieA^ * ip, {D^^}) 
d^i! + ieip -k Af,, F^^ = d^A^ - d^A^ - ie{A^ -kA^-A^-k A^). 



(4) 
(5) 



The alternative one is the Seiberg-Witten(SW) approach in which both the 

gauge parameter A and the gauge field are expanded as 

A„(x, e) = a{x) + e^^K^^lix- a) + 9^^ 9^^ K^;^l^„{x- «) + ■■■ (6) 
9) = A,{x) + + 9^''9^^'^A(;i^^^{x) + ■■■ (7) 

and when the field theory is expanded in terms of this power series (E]) one end up with an 
infinite tower of higher dimensional operators which renders the theory nonrenormalizable. 
However, the advantage is that this construction can be applied to any gauge theory with 
arbitrary matter representation. In the MW approach the group closure property was found 
to hold only for U{N) gauge theories with matter content in the fundamental or adjoint 
representations. Using the SW-map, Calmet et a/.j^ first constructed a model with non- 
commutative gauge invariance which was close to the usual Standard Model and is known 
as the minimal NCSM(mNCSM) and they listed several Feynman rules. Many phenomeno- 
logical studies [l^ have been made to unravel several interesting features of this mNCSM. 
Hewett et a/.explored several processes e.g. e'^e^ e+e^ (Bhabha), e~e~ e~e~ (Moller), 
e~7 e~7, e^e" — > 77 (pair annihilation), 77 — > e^e" and 77 — > 77 in context of NCQED. 
They found that the differential cross-section for Bhabha scattering(a s-channel process) is 
dependent on the space-time NC parameters 9oi,{i = 1, 2, 3), whereas in Moller scattering(a 
t and u-channel dominated process) the sensitivities are on 9 12 and ^13, if the beam is in 
the 1-direction. However, their analyses were only in the context of NCQED, not in full 
mNCSM, i.e. they didn't consider the impact of the neutral Z boson exchange in Bhabha 
and Moller scattering. Here we consider the impact of both Z and photon exchange in our 
analysis of the above two processes in the NC framework and will see the modification in 
the angular distribution of the differential cross-section which arise both from the polar(^*) 
and the azumuthal angular(0) dependences. Note that in the earlier analyses only the (p 
distribution of the cross-section was studied, whereas in this work we study also the po- 
lar distribution. Since we have the Z mediated diagrams, the interference term between 
the photon and Z mediated Feynman diagrams, do have some impact on such distribu- 
tion, which in other words is nothing but a measure of direct CP-asymmetry. Now in a 
generic NCQED the triple photon arises to order 9, which however is absent in this minimal 
mNCSM. Another formulation of the NCSM came in forefront through the pioneering work 



by Melic et al. 



Ill ] where such a triple neutral gauge boson coupling [12j appears naturally 



in the gauge sector. We will call this the non-minimal version of NCSM or simply NCSM. 
In the present work we will confine ourselves within this non-minimal version of the NCSM 
and use the Feynman rules for interactions given in Melic et a/. 

II. MOLLER SCATTERING IN THE NCSM 

The Moller scattering e~(pi)e~(p2) ^~ (Ps)^' (Pi) in the NCSM proceeds via the t and 
u channel exchange of 7 and Z boson just like the usual SM(which is a commutative one 
and is being described as CSM). The corresponding Feynman diagrams are shown in Fig. 1 
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FIG. 1: Feynman diagrams for the Moller scattering. 
The scattering amplitude to order 6, for the photon mediated diagrams can be written as 
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(1 - ljP\QP2 + ^P30pi)u{p3, S3)j^u{pi, Si)m(p4, 54)7^^(^2, ^2) ( - 

11 / 1 

[1 - -Pz0p2 + -PiOpi)u{pA, Si)-f''u{pi, Si)u{p3, S3)7^u(p2, ^2) - 
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and for the Z boson mediated diagrams as 
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= ^fM-AM(9) 

where piep2 = PiOf,„p'^, Pi+P2= Ps+Pa, t = {Pi -PsY, u = {Pi -Pi^, and s = (^1+^2)^- 
Also xw = sin26w (dw, the Weinberg angle), F^ = Cy ±0^75 with Cy = — 2QeSin'^6w and 
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The spin- averaged and summed squared-amplitude is given by 



—2Re{A\jA2M) — 2Re{A?2M-^iM) + '^R^{-^2M-^2m) ~ 7 X! \-^m + -^ff 

spins 

(10) 

Several terms in the squared-amphtude are given in Appendix B. 

III. BHABHA SCATTERING IN THE NC STANDARD MODEL 

Next the Bhabha scattering e~(pi)e+(p2) ^~{Pz)^^{Pa)- As in the usual SM, the 
Bhabha scattering in the NCSM proceeds via the s and t channel exchange of 7 and Z 
bosons. The respective Feynman diagrams are shown in Fig. 2 
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FIG. 2: Feynman diagrams for the Bhabha scattering. 



The scattering amplitude to order 9, for the photon mediated diagram can be written as 



Al = e' 



— e 



11 / 1 

[1 + -P2OP1 + -Pa6Vz)v{P2, S2)-1^u{pi, Si)u{p3, S3)'J^v{p4, S4) f - 

11 f 1 

(1 - -P3^P1 - ^P46P2)U{P3, S3)7''m(pi, Si)v{p2, 52)7^^(^4, S4) ( - 

— -^23 y 
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and for the Z mediated diagram as 
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1 + -^26*^1 + 7:P'i0p3)v{P2, S2)-f^Tju{pi, Si)u{p3, S3)-f^T^v{p4, S4) 2" 

11 I 1 

[I - -P36P1 - -P40P2)U{P3, S3h^T^v{pi, Si)v{j>2, 82)1 ^^A'^iPi, ^4) 



\t — 



(12) 



The spin- averaged and summed squared- amplitude can be written as 



—2Re{A^QA2B) ~ 2i?e(^2B>^fB) + 2i?e(^2B>^fjB) ~ ^ X/ \A'b + "^ll^- 

spins 

(13) 

Several terms in the squared-amplitude are given in Appendix C. 

The differential cross-section of a 2 ^ 2 scattering (MoUer or Bhabha) reads as 

where P — s{l — 4m^/s)^/^ ~ s(since ^/s ^ 2m) and dQ = dcos9*d(t). The amphtude square 
\A\'^ corresponds to |w4mP for MoUer scattering and \Ab\'^ for Bhabha scattering. 

IV. NUMERICAL ANALYSIS 

After obtaining the angular distributions of the diffrential cross-section in the presence 
of space-time noncommutativity, we then analyze the distributions. In our analysis, we set 
the machine energy at \/s{— Ecom) — 1500 GeV. 

A. Angular distribution of the Moller scattering in the NCSM 

In Figs. 3(a,b) we have shown the angular distribution ^ as a function of the azumuthal 
angle (j) with 6** (polar angle) being fixed at 7r/4 and 37r/4, respectively. In the usual SM, 
the azumuthal distribution is supposed to be flat and the lowest horizontal curve in Figs. 
3a and 3b, corresponds to that. Note the differences between figures for different 9* and 
among different curves for a given 6*. In Fig. 3a(or 3b), the topmost curve corresponds 
to Atvc = 800 GeV and this differs maximally from the GSM flat curve. The 2nd and 3rd 
curves (moving from the top) stands for Aat^ = 1000 and 1200 GeV and they still lie above 
the flat curve. This is essentially due to the factor coscf) + sincj) whose origin is in the 
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(a) (b) 
FIG. 3. The ^ (pb/radian) distribution (for fixed 6*) as a function of the cj) (in radian) 
for Mdller scattering. 6* is chosen as tc/A and 3tt/A, respectively. The c.o.m energy (Ecom) 
is fixed at ^/s = 1500 Ge V. The lowest horizontal curve is due to the commutative SM. Note 
that ^ and (f) appear, respectively, as ds/dW and f in these and later figures. 
noncommutativity of space-time and which is simply the identity in the CSM. Note that the 
deviation from the CSM prediction is maximal in a wide region (from small to large values) 
of (j) (see Figs. 3a and 3b). In Figs. 3(c)-3(f), da/dVt is plotted as a function of cos9* with 
being fixed at = 0,7r/2,7r and 37r/2, respectively. As before, the lowest curve in each of 
these figures is due to the CSM, whereas the topmost, next to the top and next to that 
(second from the lowest one) respectively stands for K^c = 800, 1000 and 1200. Differences 
between these figures are worthwhile to note. Obviously the distribution is asymmetric 
around cosd* = (which means 6* = tt/2) axis. Such an asymmetry which is non- vanishing 
in the CSM due to the 7 and Z amplitude interference terms(the lowest curve corresponds 
to that), increases with the decrease of A^c- For example the asymmetry corresponding 
to Ajvc = 800 GeV is greater than that obtained at A^vc = 1200. So the noncommutative 
geometry does indeed have an impact on the cosO* distribution and and thus on the direct 
CP asymmetry Acp in case of Moller scattering. Note that the earlier authors 
studying the Moller scattering, did not study such an asymmetry, which we did and is one 
of our main result in this work. 



10| while 



7 



-1 



-1 



dS/dW [pb/rad] 
, 




(c) 

dS/dW [pb/rad] 

0.8r 




0.1 



-0.5 



0.5 



-1 



dS/dW [pb/rad] 
. 




0.1 



-0.5 



0.5 



(d) 



dS/dW [pb/rad] 

0.8r 




0.1 



-0.5 



0.5 



(e) (f) 
FIG. 3. The polar distribution ^ (pb/radian) as a function of the cosO* (in radian) for the 
Mdller scattering. The azumuthal angle (f) is kept fixed at 0, 7r/2,37r and 37r/2. The lowest 
curve in each of these figures is due to the commutative SM. Note that cos9* appear as z in 
these and later figures. 



B. Angular distribution of the Bhabha scattering in the NCSM 

We next turn our attention to the Bhabha scattering and examine the impact of space- 
time noncommutativity on the angular distribution. In Figs. 3g and 3h, we have plotted 
the distribution ^ as a function of the azumuthal angle for fixed 9* and it is 7r/4 for Fig. 
3g and Sn/A for Fig. 3h, respectively. The azumuthal distribution in the usual SM(CSM) is 
completely flat and in each figure the lowest flat curve resembles to that. Note the differences 
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(g) (h) 

FIG. 3. The ^ (fb/radian) distribution (for fixed 9*) as a function of the (p (in radian) for 
Bhabha scattering. 6* is fixed at tt/A and Sir/A. We choose the c.o.m energy(Ecom) equal to 
y/s — 1500 Ge V. The lowest horizontal curve is the commutative SM result. 
between figures for different 6* (i.e. Figs. 3g and 31i) and among different curves for a given 
9* (i.e. in Fig. 3g or 3h). In Fig. 3g(or 3h), the topmost curve corresponds to Ajvc' = 800 
GcV and the 2nd and 3rd one (starting from the topmost one) stands for Ajvc = 1000 GeV 
and 1200 GeV, respectively. Note that the topmost curve(in either Fig.) differs maximally 
from the CSM fiat curve and the other two still lie above the flat curve and this is due to 
the same dependent factor as discussed in earlier section. Also note that the deviation 
from the CSM flat curve is maximal in a wide region (from small to large values) of (see 
Figs. 3g and 3h). 

In Figs. 3(i)-3(l) we have plotted da/dVL as a function of cos9* for fixed 0. is chosen 
as = 0,7r/2,7r and 37r/2, respectively. The lowest curve in each of these figures is due to 
the CSM, whereas the topmost, next to the top and next to that (second from the lowest 
one) respectively stands for Ajvc — 800, 1000 and 1200. Obviously the distribution which 
is asymmetric around cos9* — (i.e. 9* — 7r/2) axis, as is expected within the CSM due 
to the 7 and Z interference terms, increases with the decrease of A^vc. The lowest curve(in 
each of these figures) corresponds to that due to the CSM. Note the change in asymmetry 
prediction with the change in fixed value which is minimum for 0=0 and maximum for 
= 7r/2. Also to note that the asymmetry at A^vc = 800 GeV is greater than that obtained 
at Ajvc — 1200 in a given curve. So the noncommutative geometry does indeed have an 
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(k) (1) 
FIG. 3. The polar distribution ^ (fh/radian) as a function of the cosO* (in radian) for the 
Bhabha scattering. The azumuthal angle is kept fixed at 0,tt/2,3tt and 3tt/2, respectively. 
The lowest curve in each of these figures is due to the commutative SM. 
impact on the cos6* distribution and and thus on Acp in case of Bhabha scattering. Note 
that the earher authors 1^ did not include Z-mediated diagram while studying the Bhabha 
scattering and thus didn't pay attention on such asymmetry plot. We consider the Z medi- 
ated amplitude and the impact of the space-time noncommutativity on such an asymmetry 
plot and is one of the main result of the present work. 



V. CONCLUSION 



The idea that around the TeV scale the space and time coordinates no longer remains 
commutative in nature (and becomes non- commutative) is explored here by investigating its 
impact on the two fundamental processes, the MoUer and Bhabha scattering. In addition 
to the photon exchange, we considered here also the Z boson exchange, which leads to 
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substantial amount of modification of earlier works(in which Z-exchange was not considered). 
From the azumuthal distribution da/dQ for a fixed 6* we see that for certain 6* (7r/4 and 
37r/4) the distribution differs significantly from the one expected from the commutative 
version of the SM. At around Ajvc ~ 1500 (noting that Ecm = 1500 GeV in this analysis) 
the NC effect smeared out, what remains is the one(the flat curve) as expected within 
the GSM. With the lowering of A^c, say for example from 1200 GeV to 500 GeV, the 
NG effect gets enhanced. Besides the azumuthal distribution, we also obtain the polar 
distribution da/dQ for a fixed and hence the direct GP-asymmetry. We observed that 
such distribution do really depend on 6* and have an asymmetry which simply got an 
enhancement for certain value (e.g. (p = tt/2 and 37r/2). Such a result is completely 
new. Gombining the azumuthal and polar distribution, we found that for the c.o.m energy 
Ecm = 1500 GeV, the noncommutative effect do manifests itself at around A^c ^ 800 to 
1200 GeV and differs significantly from the curve (the lowest horizontal curve in each plot) 
obtained from the commutative version of the SM. 
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APPENDIX A: FEYNMAN RULES TO ORDER 0{9) 



We follow the Reference Hl] for the Feynman rule for several interactions, propagators. 
The Feynman rule for the e(pj„) — e{pout) — l{k) vertex to 0{6) is 



ieQf 



7/. - ^k^iOf^^ppP^ - e^^nif) 



in '^fj 



and for the vertex e{pin) — e{pout) — Z{k) is 



sin29w 
Here 6 



2sin29w 

0^,ulp + Oup'ip + 6'p^7i', = (cy ± c^75) and Q/ = =f1 for e^. 



Also PoutOpin = Pout^puPin — ~PinOpout- The momeutum conservation reads as pin + k = p, 



out- 
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APPENDIX B: SQUARED AMPLITUDE OF THE MOLLER {e' {pi)e- {p2) 

e-{p3)e-{pi) SCATTERING 



Here we explicitly present several squared-amplitude terms of Eq.lITOl). Defining pi, p2, 
P3 and p4 to be the momenta of the of the initial and final state electrons, the terms in the 
squared matrix element are given by 



-2Re{AlMArM) 



-\-2Rc(^ A^j^j A.^j 



IM) 



+2Re{AlMAi*M) 



— (1 + -A^)Tr[i)^^,i>^^,] X Tr[i)2Yhl'l 
1 



4x^(t-m|)2^ 4 



(1 + A')Tr[i>,^,T-J,^,T-^] X Trii^^l'nhr'^ 



Ah 



AxiAu - ml) 2 



(1 + -b^)Tt\^,^,t-j,^,t-^] X TT[i>2Ynhr'^ 



„4 



2ut 



-Re 



(1 + '-A){1 - '-B)Tr[^,^,M2YhY] 



2x^{u - m\){t - m|) 

.4 r 1 



Re 



(1 + '-A){1 - ]^B)Tr\i>,^,V-J,^,V-j2l''nhYn] 



„2 +(+ _ ^2 

L 

e 

2x\^t{u - m| 



2x\^t{t - m| 

o4 



(1 + lA2)Tr[;^i7.r:,j^37;.]Tr[j^27'^r:,|^47l 



2x^M(t - m| 



(1 + '-A)(\ - \B)Tr\i>,^,V-J,^,i>,^^V-J,r] 
(1 + '-A){1 - '-B)TT\^,^,ni>,^,i>,Ynhl'] 



2x'^u{u - m%) 



Re 



(1 + -B')Tr[^,j,T^^,j^]Tr\^,YrAhY 



(Bl) 



where A = {p^Opi — P46P2) and B = {p^Opi — P2,0p2)- 

In the c.o.m frame of e~{pi) and e~{p2) collision, the following prescription for the 4- 
momenta are used: 



Pi = (^,0,0,^)= (El, A), 

P2 = (^,0,0,-^) = (i?„n), 

P3 = (^^,^sine*cos(f),^sine*sin(f),^cos9*^ = {E3,Ps), 

P4 = ( —^^sin9*cos(f), —^^sin9*sin(j), —^^cos9*j =(i?4,i^), 

\ ^ ^ ^ ^ / 



(B2) 
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where 9* is the scattering angle made by the 3-momentum vector of e~{p^) with the z axis 
and (j) is the azumuthal angle. In above m = rrie — 0. Note that Pi = \Pi\z, P2 = —\P2\z 
and Pi + P2 = = P3 + P4. In the relativistic limit(s > 4m2), we find s = (^1 + ^2)^ = 4£'^ 
(with E = Ei = E2), t = - cosO*) and u - 



'^{l + cos9*). 



Writing 6'^,^ as c^u/ ^^'^ taking all the nonvanishing c^^ to be unity [10|, we evaluate 
the quantities appearing in the squared-amplitude as 



Ps^Pi - Pa9p2 -- 
Pidpi - Pzdp2 



9A2 



2A2 



[1 — cos9* — sinO* [coscf) + sincj))] , 
[1 + cosO* + sin9*{cos(p + sincp)] . 



(B3) 



APPENDIX C: SQUARED AMPLITUDE OF THE BHABHA (e (pi)e+(p2) ^ 

e"(P3)e+(p4)) SCATTERING 

Here we present several squared-amplitude terms of Eq. (fT3|) . We define pi, p2 and ps, 
P4 are the 4-momenta of the initial e~ and e"*" and the final e~ and e~^. The terms in the 
squared matrix element are given by 



I A'^ |2 



I A'^ |2 



\A^ |2 



-2Re{AJsArB) 



-2Re{AlsAl*s] 



-2Re{A^2B'^iB ) 



+2Re{Al^A^^] 



'1 + ^E^)Tr[^2lJil.] X Tr[|^37^l^47l 



4s2 
4t2 

)(1 + ]F')Tr[i>a.T-J,^,T-^] X Tr [M^r:^|^27^r:^] 



4x4,(t-m|)2 



-— Pe 
2st 



[1 + ^P)(l + ^P)Tr[;^i7.|^37'^^47''j^27M] 



Re 



2x^s(t - m|) 
2xl,s{t - m|) 
2x'^t{s - m| 



1 



Pe 



-Re 



2xy^ru{u — m\ 
e' 



-Re 



1 + -P^)Tr[|^i7,r:^^27M]^^[M'r:,|^37'^ 



(1 + ^P)(l + ^P)Tr[|^i7.r:^|^37Ml^47''r:^|^27'^] 
(1 - '-E){1 - ^P)Tr[|^i7,r:^|^27''M^r^|^37M] 
1 + -F'')Tr\i)^-i,V-J^-i;\Tr[i)2Ynhl' 



2x^{u-ml){t-ml\ 



4 
-Pe 



;i + '-E){i + '-F)Tr[^,^,r-j,^,r-j2Yr-jsi,r-^] 



(Cl) 
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where E — {p^Opi -\-PiOpz)-, F — {pzOpi -\-PaOp2)- In the c.o.m frame of e (pi) — e+(p2) col- 
hsion, with the 4-momenta prescription as discussed above, we then evaluate the quantities 

P2OP1 -\- PiOpz — —7-2 — [1 -\- cos9* -\- sinO* {coscf) -\- sirKt))] , 

g 

P3OP1+P4OP2 = — [sin9* {cos(j) + sincp)] . (C2) 
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